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Abstract

Irreducible representations of Birman—Wenzl algebras C/(r, g) in the non-
standard basis are discussed. A procedure for evaluating subduction
coefficients (SDCs), or the transformation coefficients between standard and
non-standard basis of Birman—Wenzl algebras, is formulated based on the
linear equation method. SDCs of C/(r,g) with f < 4 are derived. Racah
coefficients of the quantum groups O, (n) and Sp,(2m) can be obtained from
SDCs of Birman—-Wenzl algebras C;(r, q) by using the Schur—Weyl-Brauer
duality relation between Birman—Wenzl algebras C(r, g) and the quantum
groups O, (n) and Sp, (2m).

PACS number: 02.20.Qs

1. Introduction

The Birman—Wenzl algebras C ¢ (r, g), where r and g are two complex parameters, and f € IV,
were first presented in [1], which is related to some new link polynomials in the knot theory.
C(r, q)is also a special algebraic realization of braid groups. It has been found that the algebra
is useful in connection with the universal R matrices, which are a class of solutions of the Yang—
Baxter equations when the spectral parameter disappears [2—4]. Braid group representations
also play an important role in the study of subfactors [5] and in quantum field theory [6, 7].
Most importantly, the Birman—-Wenzl algebras C;(r, ¢) and the quantum groups of B, C,
and D types are in Schur—Weyl-Brauer duality. Let I/, be a quantum group corresponding
to a finite-dimensional complex semisimple Lie algebra of type B,, C,, or D,, and let V
be the irreducible representation of I{, corresponding to the fundamental weight. Then the
centralizer algebra Cr(U,;) = Endy, (V®/) is isomorphic to a quotient of the Birman—Wenzl
algebra C;(¢"" ", q).
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Representations of C(r, g) was first studied by Murakami [8], and then by Wenzl [5].
Irreducible representations of C(r, ¢) in the standard basis C;(r,q) D Cy_i(r,q) D --- D
C»(r, q) was constructed in [9] by using the induced representation method, and then by Leduc
and Ram [10] using the ribbon Hopf algebra approach. In this series of papers, we shall first
construct irreducible representations of Cr(r, ¢) in the non-standard basis for r and g not
being roots of unity. A procedure for the evaluation of subduction coefficients (SDCs) of
Cr(r,q) | Cy(r,q) x Cp(r, q) will be proposed based on the linear equation method (LEM).
Then, we shall use the powerful Schur—Weyl-Brauer duality relation between C(r, g) and
the quantum groups O, (n) or Sp,(2m) to derive Racah coefficients of O,(n) and Sp,(2m)
in paper (II), which were never studied before. In this paper, it is assumed that r and g are
arbitrary complex numbers, and not roots of unity.

2. The Birman-Wenzl algebras C(r, q) in the standard basis

Recall that braid relations among generators g; (i = 1,2, ..., f — 1) of braid group By can
be written as

8i&i+18i = 8i+18i8i+1

. ey

8i8j = 8j8i for i —jl =2

When one more relation, namely the cubic equation
(& —r )(gi+q )& —q) =0 2

isappliedtog; (i =1,2,..., f — 1), they generate the Birman—Wenzl algebra C(r, g). One
knows from [5] that C¢(r, g) is semisimple, and has the same decomposition into full matrix
rings as the Brauer algebra D discussed in [11-13]. When r and g are complex numbers,
which are not roots of unity, one has

Crrnq) = P Cralr.q) 3)
)\.Erf
where Cy,, (7, ¢) is a full matrix ring and I f is the union of the set of all Young diagrams with
fif—=2,f—4,...,10r0boxes. If V, is a simple C, (r, ¢) module, it decomposes as a
Cs_1(r, g) module in the form

Vi =P Vi )

IRz
where V,, is a simple C;_; ,(r, g) module, and 1 runs over all diagrams that can be obtained
by adding or removing one box to or from A. These facts enable us to construct irreducible
representations of Cs(r, ) in the standard basis Cy(r,q) D Cr_1(r,q) D --- D Ca(r, q)
by using the induced representation method [9]. In this case, auxiliary elements e; for

i=1,2,..., f — 1, are helpful in the construction of the basis vectors, which are defined by
o]
o =1-5"8_ (5)
q—4q

Basic relations between g; and e; are
eigi=r""e eig,'iei =r¥e;. (6)
It should be noted that Hecke algebra H(q) is a subalgebra of C,(r, g). Therefore, an
irrep [A] of Hy(q) is also the same irrep of Cy(r, ¢) when the corresponding Young diagram
of the irrep [A] contains exactly f boxes. Irreducible representations in the standard basis
Hi(q) D Hr_1(q) D --- D Hy(q) of Hecke algebras have been constructed in [5]. These
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irreps are also the same irreps of C ¢ (r, g) withe; = Ofori =1, 2, ..., f —1. Inthe following,
we list non-trivial matrix representations of [A] for Cs(r,g) with f —2, f —4,...,10r 0
boxes, for f < 4, where only upper triangular parts of the matrices are shown because the
representation is symmetric, which, along with the matrix representations of Hecke algebras
given in [5], will be useful for our purpose.

1. f =2, {A} = {0} with dim{0} = 1. The matrix elements of g; and e, are

g1=r" e =x (7a)
where
r—r!
x=1l+—-. (7b)
q9—d9
2. f =3, {A} = {1} with dim{1} = 3. The matrix elements of g, and e, are
_a=q¢' _\/(,2 D(rg>=1g>r~"x"! 2202 =1)(g3+r)
(q"+r“)(r“ (¢*=D(gr-DI2] (g*=D(g+r)ri2lx
= g7 =g ' [ (@ r=D@+g) 8a
82 rT-pn] g2V @migr—D (8a)
g +g)
R21(g=T+rT)
__(g=gHr! _ [ =Deg—Drix _ [
(g—r=NH(r~+¢™h (¢>=D(gr-DI2] (¢*—D(g+r)rx[2]
er = =D~ P21 [@r=De+g) (8b)
(g*=D(gr—-1r[2] r[21(g>=1) (g+r)(gr—1)
(= D(g’+r)

[21(g>=Dr(g+r)

where the matrix is arranged in the following order of the basis vectors:

| |11 |l m
1) = [0]> |2>—‘[2]> 13) = [12]>- 9)

3. f =4, {A} = {0} with dim{0} = 3. The matrix elements of g3 and e are

rl X
8= ( q ) e3 = < 0 ) (10a)
_q—l 0

where the matrix is arranged in the following order of the basis vectors:

0] [0] [0]
1) =[] 12) 1 (1] 13) =111 ). (10b)
2
[0] (2] [17]
4. f =4, {\} = {2} with dim{2} = 6. The matrix elements of g3 and e3 are
q 0 0 0 0 0
G Vi it VIR @2 =D+ gr=)(@’r=D) [42¢=q)g*+r)(gr—D2g?~1) 0
2=D)(g*r=1) 13147 (rg*~1)2(r2~1) Blg*r=D2-1)?
_ re—1 q(r==1)
8= ¢ le—g) _ [P +gir=D) 0
B3 =D 4°BP2 @3 r=D(2-1)
@r’=Dg*+D—gr(g’~1) 0
BIre2=1)
lfq2
92D

(11a)
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0 0 0 0 0 0
(@*=Drigr=D ¢ [A+Dgr=D@’r=D@>r2=) _ [@+12r=q) g +gr=De2¢> =)
a@r=De2=1 Bla2 (g3 = D271 Blg* @’ r=D7=17
0 0 0 0
€= (g>r2=1)(g°r=1) _ | 0+ =) (43?2 D2 =) (110)
@=DaBlr@>r=1) @=D2¢*BPr (@ =17 =1)
(+¢)r=g)(r+q>) (g% =1) 0
@ @=-DBIr2-D
0
where the matrix is arranged in the following order of the basis vectors:
(2] (2] (2]
1) =|[1] 12) = | [1] 13) =1 [1]
2
(0] (2] [1°] (11c)
) = (2] 15) = (2] 16) = (2]
[3] [21] (211>
5. f =4, {A} = {11} with dim{11} = 6. The matrix elements of g; and e3 are
—q~' 0 0 0 0 0
(g2=1)r? _ @ =D?2—¢?)
a(rT=1) 0 PTG 0 0
(@ =Dr?q % (gr+1) 0 _ [nrib@r=0?=¢» | (@2=¢)go+r)(1+g?)
(r2=1)(g3+r) [314%(q3+r)(r2=1)2 [31(g3+r)2(r2 1)
83 = qz—l
G 0 0
(=g (4q?)4rq(1-¢%) U+ (4r)(g*r=1)(g+r)
Blg*r¢?=1) ?r2 @+ =D3P
¢’ (l+gr)
BIrg*+)
(12a)
00 0 0 0 0
0 0 0 0 0
(¢*=Dr(g+r) 0 — l+g° (g+r)(1+gr)(g3r=1)(r2—¢?) _ [ A+g))(g+n) @+ (2 —4?)
4@+ (2=1) a(?=1) 13142 (@%+r) @Bl 207 =1)
ey = 0 0 0 (12b)
U+gH) (2 =g*) (14gr)(@r=1) r’=¢> [ (1+q)(g 4 (4gr)(gPr=1)
a@=Dr2=1 51 2@+ 2=
9@+ =¢?)
(@*>=Dq2[31r (g3+r)
where the matrix is arranged in the following order of the basis vectors:
2 2 2
[17] [1°] (17]
1) =1 (1] 12) = [1] 13) = (1]
2
[0] (2] [17] (12¢)

) ~ [12]> ~ [12]>
14) = [3]> 19 =111y, 10 =111, )

3. The Birman-Wenzl algebra C(r, q) in the non-standard basis and SDCs of
Cf('l", Q) D) Cf| (T’ Q) X sz(Tv q)

An irrep of Cy(r, g) is reducible with respect to its subalgebra C, (r, q) x Cp,(r, q) with
f1+ f> = f. The reduction is denoted by
Mo b Cp(rng) x Cproq) =Y _{Maad([A]. [Aa) (13)
AlAo
where it is clearly indicated in the subscript of [A] that there are f — 2k boxes contained in
the Young diagram of [A]. The orthogonal subduced basis C¢(r,g) D Cy (r,q) x Cy(r,q)
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is called the non-standard basis of C s (r, g), which follows the same definition [14] of that for
Brauer algebras D s (n). The basis vectors of (13) are denoted by

T[A] [)»2]>
rq

Ao
My P1 02

(14)

where [A;]p; fori = 1,2, can be understood as labels of the standard basis [9] of C, (7, q),
and Cy,(r, q), respectively, and 7 = 1, 2, ..., {A;A;A} is the multiplicity label needed in the
reduction (13).
In order to determine matrix entries of C ¢ (r, ¢) in the non-standard basis, one can expand
the non-standard basis in terms of the standard basis:
T[A1] [)»2]> . (15)
(r,q)

. T[A] [)»2]> _ [)»]fzk> <[)»]f2k
M2y, vy Xp: p |\ e pi P

The expansion coefficient is called the [A]r_ | [A1] X [A2] SDC, or the transformation
coefficient between the standard and non-standard bases of C(r, g). The SDCs satisfy the
orthogonality relations:

) <mf2k t[M] [)»2]> <m foan Tl [m> s 16
haprt p P P2 [ (rq) P P P2 (rg) "

(Alp—ok | T[] [A2] (Ml p—ok | T'[A1] [)Jz]> s s s 6
;< o P1 02 >(r,q)< p P1 05 ) h2hy 205 O’ - (16b)

Once the SDCs are known, the matrix elements of C¢(r, ¢) in the non-standard basis can be
derived by using the results of those in the standard basis given in [9, 10].

Similar to the procedure shown in [14], the LEM can also be applied to evaluate SDCs of
Cy(r,q) D Cy(r,q) x Cp(r,q).

Assume {g1,82,...,8f-1,€1,€2,...,€5_1}, and {gp+1, Gh+2s---»8f—1» €[4l
€f42,...,€5_1} are two sets of basic elements of Cy (r,q), and Cy,(r, q), respectively.
By applying Q; = g, or ¢, withi = 1,2,...,fi — 1, and Q; = g; or e¢; with
j=nNn+1fA+2,...,f — 1t (15), and then multiplying the resultants from the left
with

< [A]f—2k
r.q p

we obtain two sets of linear equations

Z Q)i <[)\]f)—2k T[)»/l] [X2]> _ Z Q1)) < [)\]f/—Zk
pi (r,q)

T[] [Az]>
(r.q)

o ~ P P P
(17a)
A=k [T[M]  [A2] . [Alpoor | T[A1]  [A2]
Q ‘*fl ! < / > - Q i) o < / >
%: ( ! )pz”z P L1 P2 | rq) ; ( j)p L L L1 P2 | q)
(17b)

where (Qy),, are matrix elements of Qy in the corresponding standard basis. The linear
relations given in (17) or a part of the so-called intertwining relations among SDCs together
with the unitarity conditions given in (16) are sufficient in solving these SDCs as has been
shown in [14] for the corresponding Brauer algebra case. Using (16) and (17) and the matrix
entries of Qy in the standard basis, one can derive all SDCs for given irreps [A] r_o, [A1], and
[A2], when the reduction [A] | [X;] x [X;] is multiplicity-free. It should be noted that the
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Table 1. SDCs of C5(r, ¢) D C1(r, q) x Ca(r, q).

C3\C; x C>  [11[0] [1][2] [1]1[1%]
[1][0] 1

[111[2] 1

[11[1%] 1

Table 2. SDCs of C3(r, q) D Ci(r, q) x Ca(r, q).

G\C1 x Gy [1110] [1112] (112
¢*=Dr (r = D(g*r = 1) (r2 = D(g*+1)
[11[0] - - a S
(g+r)(gr—1) 21 +q)(gr — 1) [21(gr = 1)(g +r)

.. [2=D@ -1 r—g \/ @ +0)@r - 1)
210 +g)(gr — D> [21(gr — 1) q*2P (g +r)(gr—1)
- \/ (r2 = (g® +7r) _\/ @+n@r—1)  l+gr
[21(gr — 1)(g +r)? PRPC+)@gr =1 210 +q)

Table 3. SDCs of C4(r, ) D C2(r, q) x C2(r, q).

C\C2 x C> [21[2]  [1*][1%] [0][0]
(0111121 1

(0] [17 (1] !
[0 (11 [0] 1

Table 4. SDCs of C4(r, ) D C2(r, q) x C2(r. q).

CACx G [12]2] [12]12] (0] 2]
g2 — 1 P2 g2

2] [21

IR \/q[z](r2 Y \/q[2]<r2 Y

2_ 2 2,2 _
aminy - L4 \/ ar
I \/q[2](r2— 1) ql21(r2 = 1)

[21[1110] 1

Table 5. SDCs of C4(r, ) D C2(r, q) x C2(r, q).

Ci\CrxC [2] [2] [21[1%] [2][0]
. 9 —q) \/ (> +1)(@5r — 1) [ a+ar@r -1
Blg3r — 1) q%3)(g +r)(g*r — 1) q[3l(g +r)(g3r — 1)
(q®+r)(g°r — 1) (r —q)(g3r +1)? A+g>) 0 — )@ +r)A +qr)
(21211 4 2 3 2 - 3 2
q*[121[3]1(r= = 1) g [21[31(r* = D(r + q) g [3]1r= — D)(r +q)

(r—q)gr+1)(g°r —1) (@3 +r)(gr — D2(1 +qr) (q> — D2 +¢>)r?
(21111121 2\(,2 3 - 2 3 2 3
q(1+q=)(r=—1)(g’r = 1) q21(rs = D(r +q)(g°r = 1) \ q(r= = D)(g +r)(g°r — 1)

SDCs with k = 0 are the same as those of the corresponding Hecke algebras, of which some
examples were provided in [15]. In the multiplicity cases, the relations (17) provides with
linearly independent relations for fixed multiplicity label. The corresponding SDCs with the
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Table 6. SDCs of C4(r, q) D Ca(r, q) x Ca(r, q).

Ci\C2 x G2 [2][1%] [21(2] [0111%]
2,2 _ 1 2 — g2
121111 [2 ar —\/ 4
I \/q[2]<r2 -1 q[21G2 — 1)

2_ 2 2,2
12121 i ar
A \/q[z](r21> \/q[21<r21)

(1?1 (11 (0] 1

Table 7. SDCs of C4(r, q¢) D C2(r, q) x C2(r. q).

Ci\Ca x Cy [12][12] [12] 2] [12] [0]
ey 4D _\/ (@5 +r)(g*r = 1) \/ @+ —g?)
q[B1(r +4%) q*31(g> +r)(gr—1) q[31(g +r)(g> +r)(gr — 1)
- \/(q3r 1)(g% +7) \/ (r — g)2(1 +qr) \/[2]<1+qr><q3r D — q)
FRIBIC - 1) ARIBICT = Digr — 1) 2B — Digr—1)

0 ] \/(r —q)qr + 1)(g5 +7) _\/ 2= ) +q) g — 1) _\/ (@% = D2(1 +g))r?
g?12102 = D(g> +7) (I+¢3) (% = D(gr — D(@> +71) q(r* = D(g>+n)@gr—1

Table 8. SDCs of C4(r, q) D C1(r, q) x C3(r, q).

C4\Cl X C3 [1] [1]0 [11[1]> [1] [1]12
(2111 Sl - (=122 (r=¢)? (q2=1)2r%(q3+r)
’ = Rlg+n@r=D* (@ r=De? =D PRI+ qr-D7=D

121 [1]2 _ [ G2 =D@r=D (4> =Drr—g)* (¢2=D?r2(@3+r) (g3 r=1
21g+r)(gr—D?  [21(gr=D(g*>r—D(>—1) PR @r—D (=12

[2] [1] 5 _ (V’l*l)(‘]}‘”) _ (V*q)z(‘lzfl)zrz(‘]‘%"’r) _ (qul)r(qrﬂ)
1 [21(g+r)*(gr—1) G222 (r2=1)2(g+r)(gr—1(g*r—1) q121(g+r)(r2—1)

qBl(g*r—1)2(r2—1)

_ =@+ =gr=1) _ B2 =g?)@2r2=1)
(21 21h 0 \/42[212[3]<r2—1>2<q3r—1> P22

LI, 0 _\/(r—q><q3+r><q2r2—1><qr—1) =g -1)

21 3] 0 \/[21<qr—1)(q5r—1><q2r2—1> 0

¢> 27 (2 =D*(g3r—1) a*22(r2-1)?

fixed multiplicity label can be derived similarly. While the same relations hold for any other
multiplicity labels. In order to resolve the multiplicity ambiguity, the SDCs with different
multiplicity labels can be chosen to be orthogonal to each other. For example, the SDCs with
multiplicity two of H¢(q) | H3(q) x Hs(q) for the reduction [321] | [21] x [21] given
in [15] are also the SDCs of Cq(r, q) | C3(r, q) x C3(r, q) for the same irrep. In this case the
solution to the SDCs is not unique and depends on the phase convention and the orthogonal
basis chosen. One can always make orthogonal transformation to transform one set of SDCs
to another within the multiplicity space spanned by the multiplicity labels. For example, the
orthogonal transformations for the Wigner coefficients of SU(n) D SU(n — 1) within the
outer-multiplicity space were discussed in detail in [16]. A similar problem in symmetric
group was also discussed by McAven et al [17]. In this paper, we will only list SDCs of
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Table 9. SDCs of C4(r, ¢) D C1(r, q) x C3(r, q).

C4\C1 x C3 [1][3] [1][21]4 [1][21]2
21111 | _ar+b@r=n (r=q)(g3+r)(gr+1) =) (g*+r)(gr+1)
0 q[31(g+r)(g*r—1) G2 BI20(r2=1)(g+r) 42121(g+r) (2 =1)
211 (@5 r=D(r—q)2(gr+1) _ (r=q)3(q3+r)(qr+1) r=q)(@3+r)(+qr)(g3r—1)
q21B12—1)(g3r—1)2 *BIRP (g r—1)(r2—1)? 2P (2 -1)2
[2] [1]}2 _ | @@= -1 r=9)(@3+r)2(g2r2=1) _ [ @r=De=g)(gr+1)®
SRIBIZ—1) (g3 r—1)(r+q) P12PB1E-1)2(g+r) G212 (q+r)(r2—1)2
qr—q) R1r=g)(g*+r)(g>r=1
(21131 31(g%r—1) PBRr=-1e2-1) 0
[2] [21] (r=9)(g3+r)(g3r=1) (¢*r2=DI21-r(g*~1) [31(g> =122
! PRIBE2=1)(g3r-1) 41211312 —1) 2212 (r2-1)?

r=)(g*+r)(g°r=1) (g*r2=D[2)-r(g*>=D) _ _rg*=D
(2] 2112 V #R21B162-D(g3r—1) 912102 =1)V/I3] q[212-1)

Table 10. SDCs of C4(r, g) D C1(r, q) x C3(r, q).

Ci\C1 x G35 [1111o (11 (112
1211 __(@=Dr _ [ __@r=hrig?-1)? (+qr)?r2 (g2 1)
0 (@+nigr=0 ¢?2(q+r)(gr=D%(2=1) 21(g+1)% (qgr=D(g>+r) (> =1)

[12] [1]2 (Vz_l)(‘l3’_]) (qz—l)r(r—q) (q2—1)2r2(1+¢1r)2(q3r—1)
2(g+r)(gr—1)2  21(gr—1)(1+¢?)(r2—1) G222 (q+r) (@3 +r) (gr—1)(r2—1)?

[12] 1], 2D+ [ A=) 2Pr=D(g3+r)  _ _ (g*=Dr(gr+1)?
1 [21(g+r)2(qr—1) 222 -1)2(g+r)(qr—1) 21(g+r) (r2=1)(q3+r)
2 r?—4>)(g*r*=1) _ [ =) r+q)(U+gr)(g3r=1)
[1 ] [21]1 0 q2[2]2(,.271)2 q2[2]2(q3+r)(r2*1)2
2 Ble2=¢*)(q2r2=1) _ [ 2=g)r+)(+qr)(g3r=1)
[171[21]2 0 21212(r2=1)2 G122 131(q3+r) (P2 —1)2

217113 [21(r2—¢?) (r+q) (g +r)
(F1 1] 0 0 Bl (=D

Table 11. SDCs of C4(r, q) D C1(r, q) x C3(r, q).

C4/\Cy x C3 [1][21] [11[21]2 (113
1121111 r=q)(1+gr)(g3r=1) _ [ r=@)(+qr)(g3r=1) q(r=q)(g+r)
¢ [2(gr—1)(r2=1) ¢ [21B31(gr—(r2=1) 42 131(g3+r)(gr—1)
[121[1] _ [ q=r)2+gr)(r2—g?) _ [ G2=q2+gr)(1—¢3r)* (r2—=g%)(g+r)(g*r=1)
2 421217 (gr—D(r2=1)? ¢ 2P Blgr—1) (2 —1)? ¢ 21B31(gr—D(r2=1)(g3+r)

2 r=q)(@3+r)(+gr)(g3r—1) (r—q)(I1+gr)3(g3r—1) _ | r=@)(@+r)(gr+1)?
[171[1]
P FRPE-1)? PRI 1)) 4RI (g 4

[12] [21]; r(g’=1) _ 2= (4> —gr(g® 1) (@>+r)(I+gr)(g3r=1)
I+g®)(2=1) PRIVBIE? -1 RIBIG +n) (2 =1)
[12]121] V3rig> =1 (?=g*)(1+¢*) ~gr(g>~1) _ | > 4grgir=1)
2 WD) 421213107 ~1) PRIBE 7+ 62 -1

271713 U+ (@ +r)(+gr)(g3r=1)  q(+qr)
(=1 0 / 4 BR(@3+r) (2 =1) B3l(g3+r)
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C(r, g) for the irreps with k # 0 and f < 4 because k = 0 SDCs are the same as those of
Hecke algebra H(q), which are r-independent and have been tabulated in [15].

Similar to the Brauer algebra case shown in [14], the SDCs of C¢(r,q) D Cy_i(r, q) x
C(r, q) are trivial with

< ANEAVRY
P L1

Other non-trivial SDCs of Cy(r,q) D Cf(r,q) x Cp(r,q) with k # 0 and f < 4 were
derived by using equations (16) and (17), together with the matrix entries of Qy in the standard
basis of C(r, g) given in section 2. The phase convention used for the SDCs of C,(r, g) is
the same as that of the Brauer algebra Dy (n) shown in [14]. The package Mathematica was
implemented in the formalized algorithm based on our procedure. The results are listed in
tables 1-11.

1
[ ]> = 8,0,[)»1]/)1' (18)
(r.q)

4. Conclusions

In this paper, the Birman—Wenzl algebras C(r, ¢) in the non-standard basis are discussed.
The SDCs of C¢(r,q) D Cy,(r,q) x Cp(r,q) with fi + fo = f and f < 4 are derived by
using the LEM. The SDCs of C s (r, g) will be useful in evaluating Racah coefficients of O, (n)
and Sp,(2m) by using the Schur—Weyl-Brauer duality relation between the Birman—Wenzl
algebras with r = ¢"~! and the corresponding quantum groups of B, C, D types when g is
not a root of unity, which have never been studied. The Racah coefficients will be discussed
in our next paper.
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